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Abstract

This paper presents experimental and numerical investigations of resonance vibrations of an impact damper other than

at its original resonance frequency. In the numerical modelling of impacts, the principle of conservation of momentum is

employed. An improved scheme is proposed for identifying the time of contact and calculation of the state variables after

impact. This scheme avoids false detection of collisions and embodies collisions or contacts with infinitesimally small

differences in velocities. Descriptions of the motion trajectories and how the relative phase of the impact contributes to the

momentum transfer and degree of damping are presented. Numerical simulations are in good agreement with experimental

results with respect to the general performance and the shift in resonance which occurs with large amplitude excitation.

The novel feature of this paper is the modelling of the mass loading effect of impacts through the transfer of kinetic

energy.

r 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Noise and vibration are of concern with many mechanical systems including industrial machines, home
appliances, transportation vehicles, and building structures [1]. Many such structures are comprised of beam
and plate like elements. The vibration of beam and plate systems can be reduced by the use of passive
damping, once the system parameters have been identified [1–5]. In some cases of forced vibration, the passive
damping that can be provided is insufficient and the use of active damping has become attractive. The rapid
development of micro-processors and control algorithms has made the use of active control feasible in many
practical situations [6–8]. The field of active control is now of considerable interest to researchers, for example
in ships, rotating systems, industrial machinery and flexible structures.

Vibration control using passive damping is often preferred in most practical applications due to its low cost.
One such passive damping approach utilizes momentum transfer between a primary system and auxiliary
ee front matter r 2009 Elsevier Ltd. All rights reserved.
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Nomenclature

a0 normalized displacement amplitude of
base a0 ¼ X 0o2

n=g

c damping constant of the vibratory sys-
tem

d clearance of auxiliary mass and primary
mass

e coefficient of restitution of impact
F0 excitation force on primary system
g acceleration of gravity
k stiffness of the vibratory system
ma mass of auxiliary mass
mp mass of primary mass
r frequency ratio of driving frequency to

natural frequency
TM transmissibility of input and output

displacement: TM ¼ Xp/X0

Xa displacement of auxiliary mass
Xp displacement of primary mass
_X p velocity of primary mass
_X p velocity of auxiliary mass

X0 input displacement
X 0ref reference input displacement of fre-

quency sweep
_Xpabs Fast-Fourier transformed velocity of

primary mass
Z ratio of auxiliary mass to primary mass
L normalized kinetic energy transfer
F mass normalized relative momentum

transfer
c displacement ratio: c ¼ Xp/d
o circular driving frequency (rad/s)
oin circular resonance frequency under per-

iodic impact (rad/s)
on circular natural frequency (rad/s)
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masses during collisions in order to reduce severe vibrations. Impact damping can be divided into two
main types: (1) damping caused by particles, and (2) damping caused by auxiliary masses attached to the
overall system. Typically, particle impact damping (PID) uses particles to increase damping by the
insertion of the particles into an enclosure attached to the primary vibrating structure. These auxiliary
particles absorb kinetic energy of the primary system and convert it into heat, or high-frequency sound
and structural vibrations through the inelastic collisions between the particles themselves, and with the
enclosure [9–11]. By comparison, a single unit impact damper uses an auxiliary mass enclosed within a
cavity inside the primary system. The dynamic response and performance of single unit impact dampers
has been studied extensively. Pioneering research was conducted by Paget [12]. Further research by
Grubin [13] determined the existence of the optimal distances between the primary mass and the
auxiliary mass for the impact damper. Masri [14,15] presented a piecewise analytical solution for the
dynamics of an impact damper, and determined that the most effective damping condition occurred with
two symmetric collisions per cycle. This was subsequently confirmed [16–18]. Ema and Marui [19]
reported that, in the decay of free vibration of a spring mass system, the damping rate of the system
increases with a corresponding increase in vibration amplitude. They concluded that the best damping
performance occurs for particular combinations of the mass and clearance ratios and depends on the
initial spring displacement. They further stated that, with a vertical impact damper, the critical ampli-
tude above which the impact damper ceases to function is determined by the impact damper’s original
natural frequency and the acceleration of gravity. Cheng and Wang [20] modelled the impact system
with a spring and viscous damper to investigate the deformation of the impact damper, and demonstrated
that the effective reduction of the vibration response depends primarily on the type of collision encountered
by the system. Chatterjee and Mallik [21] and Luo et al. [22] studied stability and bifurcation of impact
systems.

It is noted that most of the previous investigations were focused on parameter studies of the optimum
system response at the original resonance frequency. Few investigators focused on the performance of impact
dampers over a wide range of excitation frequencies and response amplitudes. However, of particular note is
that Popplewell et al. [17] and Bapat and Sankar [23] reported, in their investigations of forced vibration, that
an impact damper produces negative damping at frequencies lower than that of the original natural frequency
and that the structure will vibrate more with, than without, the impact damper. Furthermore, Masri and
Ibrahim [16] and Duncan et al. [24] reported that the damping, which occurs at very large excitation
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amplitudes, approaches the detuned value, which corresponds to the case when the particle masses are moving
together with the structure.

Along with determining the optimum reduction in vibration at the original natural frequency, avoiding
resonances which are shifted away from the original natural frequency is an important issue from a practical
point of view. In this context, the occurrence of vibration at resonance needs to be fully understood with
regard to both operational conditions and system parameters; all of which have yet to be presented
experimentally and explained.

Osire et al. [25] detected a shift in the resonance of the vibration in their experiments but did not deal with
the mechanics of this phenomenon. Nor did they explain when it occurs and how it is related to the system
parameters.

Today, global warming and climate change issues [26,27] are of great concern around the world.
In an effort to curb ever increasing power consumption and energy costs, improved inverters
have been developed, which are beginning to replace conventional systems. It is generally well known in
the industry that using an inverter to control the rotation of the motors used in fans, blower, pumps and
compressors can save between 30% and 60% of the energy costs compared with conventional motors [28].
Using an inverter control allows the motor to be driven at the required number of revolutions per minute.
In this way, it is possible to allow only the required amount of hydraulic power to be generated and
transmitted [29–33].

It is essential to avoid exciting a system with a forcing frequency that is the same as its natural frequency;
otherwise enormous vibration amplitudes can occur. These can only be controlled by adding passive or active
damping to the system. Thus, the main emphasis of this paper is on the resonance characteristics of an impact
damper. Even though there have been some investigations [17,23,24] into the dynamic behavior of impact
dampers over a wide range of frequencies, the excitation amplitude and mass ratio of the auxiliary mass have
normally been restricted so that either a shift in the resonance frequency does not occur, or the shift in the
value is so small that the shift is not noticeable.

In this paper, experimental studies and numerical simulations are presented which demonstrate that a shift
in the resonance frequency of an impact damper depends on both the excitation amplitude and the auxiliary
mass. In fact, unlike the occurrence of resonance in a linear system, resonance in an impact damper has a
strong nonlinear dependence on the vibration amplitude.

Along with the experimental data presented, descriptions of the mass motion demonstrate how the relative
motion or phase of impacts affects momentum transfer, and highlights the shift in the resonance frequency
caused by the impacts through the influx of kinetic energy and the relationship of this shift to the vibration
amplitude.

In our numerical model for the impacts, a modified scheme is proposed for detecting collisions or particle
contacts. In this method, information about the previous calculation step is used to prevent false prediction of
contacts, termed as ‘negative collisions’ in this paper. So called negative collisions are numerical errors, which
are predicted where one object penetrates the other. These errors can be insignificant in some cases for certain
solutions of the variables, even if penetration or overlap of the objects occurs. In our research study, however,
the errors caused by negative collisions with large amplitude excitation have been found to be significant.
Consequently, sustained motion in which the auxiliary mass is propelled by the primary mass and therefore
the two masses move together is employed to guarantee that the contact condition of the auxiliary mass is at
grazing incidence for large amplitude oscillations.

2. Physical model and experimental set-up

An impact damper system consists of a cart fixed at the middle of a fixed-fixed circular beam, and a
freely moving mass located between the two columns of the cart. The cart is limited strictly to motion
in the x-direction on the x– y plane by a low-friction linear guide. Excitation is imparted to the cart by a
shaker through a circular beam. The primary difference between our experimental set-up and those used
in previous studies [9,20,35,36] is that the system is driven with a prescribed motion, not by a force
input. A schematic diagram of the current experimental set-up and measurement equipment is given in
Fig. 1.



ARTICLE IN PRESS

Fig. 1. Experimental set-up. (a) schematic diagram: 1, moving cart; 2, auxiliary mass; 3, fixed–fixed circular beam; 4, rigid block; 5,

personal computer; 6, signal analyzer; 7, signal conditioner; 8, function generator; 9, power amplifier; 10, accelerometer (output); 11,

accelerometer (input); 12, electromagnetic shaker; and 13, low-friction linear guide; (b) photograph of the system in oscillating motion.

Table 1

Specifications of the primary system and the auxiliary mass.

Items Mass (gram) Length (mm)

Pipe (moving part) 18.2 485

Cart (aluminium) 73

Auxiliary mass (steel)

d ¼ 2.6mm 45.9

d ¼ 4.0mm 32.1

J. Park et al. / Journal of Sound and Vibration 323 (2009) 877–895880
As can be seen, rigid clamping of the beam to the shaker makes it possible to impart a motion to the cart,
instead of a force. For the given system, force excitation with a soft spring is inadequate to impart a wide
range of excitation amplitudes to the cart, a method conventionally used for the impartation of the excitation
force. Therefore, the accelerations of the clamping jig and the cart are measured and used to determine
the frequency response function or transmissibility (TM) of the system. In the present paper, TM, the ratio of
the cart displacement to that of the input, is used to estimate the degree of damping. Further specifications
of the system and auxiliary masses are given in Table 1.
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3. Numerical modelling of the impact system

3.1. Modelling of the system

For numerical analysis, the impact damper system is modelled using a two-degree of freedom system with
an equivalent linear stiffness constant k, effective primary mass mp, auxiliary mass ma and viscous damping
constant c, as shown in Fig. 2. The corresponding equations of motion can be written as

mp
€X p þ c _X p þ kX p ¼ F 0 sinðotÞ, (1)

ma
€X a ¼ 0, (2)

where the superscript dots refer to differentiation with respect to time, and the subscripts ‘‘a’’ and ‘‘p’’
represent physical values of the primary and auxiliary masses, respectively.

FEA (finite element analysis) was utilized in order to calculate the equivalent linear stiffness of the beam. In
the calculations, the corresponding generalized primary mass was 1 kg, and the generalized stiffness was
22848.9N/m, and a value of 4.2% was used for the modal damping from the experiment. Also, 40% of the
beam mass was added to the primary mass. Fig. 3 compares the frequency response functions (FRF) obtained
from the experiment and numerical simulations without the auxiliary mass present. Note that a fourth-order
Runge–Kutta method was used for the numerical computations, and fast-Fourier transformed values of the
displacement of the primary mass were used to represent the magnitude of the vibration.

Furthermore, in order to determine the correlation between the experiments with prescribed motion inputs
and the numerical simulations with prescribed force inputs, the following relation between force and base
motion (input displacement) was utilized:

F0 ¼ X 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2
� c2o2

p
, (3)

where X0 is the magnitude of the input displacement, o is the driving frequency in radian/s, and F0 is the
magnitude of the driving force.

3.2. Modelling of the impact

It was assumed that the impacts are instantaneous, each with zero duration; then the impacts between the
primary mass and auxiliary mass were implemented by updating the state variables with calculated values after
the impact at each step in the numerical analysis. On the basis of the conservation of linear momentum, and
using the coefficient of restitution e, Eq. (6), the updated state variables [18,23] were calculated from

_X
þ

p ¼
ð1� ZeÞ

ð1þ ZÞ
_X
�

p þ
Zð1þ eÞ

ð1þ ZÞ
_X
�

a , (4)

_X
þ

a ¼
ð1þ eÞ

ð1þ ZÞ
_X
�

p þ
ðZ� eÞ

ð1þ ZÞ
_X
�

a , (5)
Fig. 2. Two degree of freedom system model used in numerical analysis.
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Fig. 3. Numerical and experimental frequency response functions, FRF, of system without auxiliary mass: n—experiment,&—analytical

results, X0ref ¼ 0.53mm, F0 ¼ 12N.

J. Park et al. / Journal of Sound and Vibration 323 (2009) 877–895882
e ¼ �
ð _X
þ

p �
_X
þ

a Þ

ð _X
�

p �
_X
�

a Þ
, (6)

where Z is the mass ratio ma/mp and the superscripts ‘‘+’’ and ‘‘�’’ represent the states just before and after
the impact, respectively.

In a numerical study of an impact system, it is imperative to determine the time of occurrence of the
collision or impact. To accomplish this, the most frequently used scheme [14,19–23,37] for identifying the time
of impact (see Eq. (7)) was utilized to check whether the relative displacement is less than the given criterion
value or not. The use of additional iteration algorithms such as bisection [18,38,39] procedures are also
sometimes used.

RðjX pðtnþ1Þ � X aðtnþ1ÞjÞ � d=2pRc, (7)

where R refers to the relative location of the masses, d is the clearance, Rc is the criterion value, and the
subscript n+1 at time t refers to the number of steps in the analysis.

However, the results obtained from the conventional simulation scheme predict that the time of contact is
such that the two masses occupy the same physical space, resulting in the impossible situation that the two
masses pass through each other without collision. This would occur for a relative position RðtnÞ when the time
step tn has a value larger than the criterion Rc so that the impact would occur at time step tn+1. This would
predict a so-called ‘‘negative collision’’, as shown in Fig. 4(a).

The error in the detection of collisions caused by a negative collision is negligibly small when the impact and
separated motion for each mass dominate the dynamics of the system. Conversely, the error can be too great
to ignore if repeated contacts with negligibly small differences in velocities of the primary and auxiliary masses
occur. This kind of dynamic behavior is important when the excitation amplitude is large compared to the
clearance.

As such, when impacts with infinitesimally small differences in velocities [40,41] of the primary and auxiliary
masses occur in the numerical analysis, the relative position remains within the criterion Rc in the following
numerical time step. Additionally, this can repeatedly produce ‘‘negative collisions’’ until the auxiliary mass
becomes separated from the primary mass. This numerical simulation would produce an unrealistic energy
loss in the system due to the fact that a negative collision is impossible in the real world. However, for large
mass ratios, errors caused by negative damping are significant in numerical simulations of the system. When
the differences in relative velocities and mass values are small, the momentum transfer resulting from particle
impacts is also small so that the velocities of both the primary mass and auxiliary mass decrease in proportion
to the coefficient of restitution. Decreased velocities of the primary and auxiliary masses make the system stay
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Fig. 4. Numerical simulation, trajectories of primary and auxiliary masses: (a) negative collision; (b) improved scheme: assuming a

collision occurs whenever the distances between two masses is less than zero, the state variables after impact are calculated using the state

variables at time step tn.
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continuously within the relative difference criterion Rc. In total, the numerical error created by a negative
collision has a vibration magnitude less than in the experiments because of the repeated negative collisions
caused by large amplitude excitations. Seemingly, this kind of error seems to occur only when the mass
changes its direction and the velocity of the primary mass is small. Experiments and numerical simulations
carried out in this research show that numerical errors, which represent smaller magnitudes of vibration than
in the experiments, can occur even when the system velocity is large for the large excitation amplitudes. In
order to overcome these problems in the numerical analysis, an improved scheme for identifying particle
contact was developed. In this scheme, impact conditions are confirmed whenever the relative position is less
than half of the clearance, as given by Eq. (8).

RðjX pðtnþ1Þ � X aðtnþ1ÞjÞ � d=2p0. (8)

With this condition, it is assumed that a collision occurs after two masses have passed thorough each other.
However, state variables after an impact are calculated with state variables at the time step tn, as given by
Eqs. (9) and (10), not at the time step tn+1 at which time the two masses have already overlapped.

_X pðtnþ1Þ ¼ f h _X pðtnÞ; _X aðtnÞi, (9)
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_X pðtnþ1Þ ¼ f h _X pðtnÞ; _X aðtnÞi, (10)

where the brackets / S denote the calculation of the state variable at impact.
Fig. 4(b) shows the time of collision and the calculation of the state variables. The consequence of this new

criterion avoids self-induced repeated collisions; in the case of repeated negative collisions the auxiliary and
primary masses are moving together. Hence, sustained motion is more realistic than the occurrence of self-
induced repeated collisions or ‘‘negative collisions.’’ This is due to the fact that large values of the mass ratio
and coefficient of restitution cause a separation velocity much smaller than the approach velocity. This results
in continuing collisions being predicted by the conventional method. Furthermore, the error resulting from the
relative displacement, Rc, which is the difference between the exact relative distance and distance criterion Rc

was eliminated by using trigonometric tracing [42] of the exact time of contact. With these assumptions about
the numerical errors as well as the negative collisions, a more precise simulation of the system was carried out.
Errors with a large mass ratio value have been reported previously [23]. A comparison between the analytical
results obtained with the conventional and proposed methods is given later.
4. Dynamic behavior of the impact damper

The experimental frequency responses shown in Fig. 5 demonstrate a considerable reduction in the
measured vibration amplitude of the primary mass, especially around the original resonance frequency of
24Hz after the installation of an auxiliary mass with the same conditions as given in Fig. 3. The term
‘resonance frequency’ used throughout this paper refers to the original resonance frequency of the system
without attachment of the auxiliary mass, which was 24Hz.

Fig. 6 further represents the TM of the experiments and the numerical simulation at the original resonance
frequency. For the numerical simulation, the value of the coefficient of restitution was set at 0.2. To this
extent, TM in Fig. 6 illustrates how the system responds to varying input amplitudes at the original resonance
frequency and highlights the fact that no significant change is observed in the experimental values of TM. This
further confirms the fact that the frequency responses seen in Fig. 5 are generally representative of the
damping characteristics of the impact damper.

Numerical simulations generally predict higher values of TM than those that are measured. The primary
reason for the higher values of TM is thought to be a result of neglecting the friction between the primary and
auxiliary masses. In a real situation the auxiliary mass cannot move without friction. Despite the discrepancy
in magnitudes, the numerical simulation results agree qualitatively with experimental data.

Figs. 5 and 6 demonstrate the usefulness of the impact damper in reducing the displacement of the
oscillating structure at the original resonance frequency. But, as stated previously, this research is focused on
the resonance characteristics of the impact damper over a wide range of frequencies and excitation amplitudes.

Fig. 7 presents TM values from experiments and numerical simulations for the two test conditions given in
Table 2. This figure reveals some intriguing features about the impact damper. Most notable is the fact that the
use of the impact damper drastically decreases the displacement of the primary mass at the original resonance
Fig. 5. Experimental frequency responses, TM, of the primary mass: n—without auxiliary mass, m—with auxiliary mass (d ¼ 2.6mm,

Z ¼ 0.57, X0ref ¼ 0.53mm).
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Fig. 6. Transmissibility, TM, as a function of the input displacement: n—experimental results, &—numerical analysis results: broken

lines are trend lines of the experimental and numerical results, respectively.

Fig. 7. Numerical and experimental frequency responses: n—experimental results without auxiliary mass with X0ref ¼ 0.53mm; other

conditions listed in Table 2, m—Expa; —Expb; ’—Numra; &—Numrb. �—F0 ¼ 18N.

Table 2

Conditions for the experiments and numerical simulations shown in Fig. 7 (d ¼ 2.6mm, Z ¼ 0.57).

F0 (N) X0ref (mm)

Expa 0.53

Expb 0.97

Numra 12

Numrb 22
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frequency, and that there is little negative effect of large vibrations or resonance for input cases with small
values of Expa and Numra. However, for cases with large input values of Expb and Numrb, distinctive
resonance peaks are observed, which are shifted to a frequency of 19Hz.

Experimental results and numerical simulations are shown in Fig. 7. Fig. 8 illustrates the nonlinear behavior
of the impact damper as a function of the input amplitude. The TM curves in Fig. 8 were measured
experimentally and predicted numerically and are analyzed at 19Hz. They show two clearly distinguished TM
slopes with respect to the input amplitudes. (They are shown as dotted and broken lines.)

It can be seen further in Fig. 8 that the gradient in the right hand half of the curves is approximately five
times greater than in the first half of the curves. This transition of TM at 19Hz, which is related to the increase
in input amplitude, has been investigated along with the resonance peaks shown in Fig. 7 with higher
experimental input values of Expb and Numrb. Hence, in order to study the nonlinear characteristics and their
relationship to the input amplitudes more precisely, the time trajectories of the experiments and numerical
simulations were conducted. As shown in Fig. 6, damping effects are large over the entire range of input
amplitudes when the system is operated at the original resonance frequency. Fig. 7, however, shows a drastic
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Fig. 8. Transmissibility TM as a function of the input displacement: d ¼ 2.6mm, Z ¼ 0.57, n—experiment, &—numerical simulation.
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change in the degree of damping, particularly at 19Hz as the input amplitude is changed. Therefore,
subsequent investigations were focused on the system response as a function of the input displacement
amplitude at the shifted resonance frequency of 19Hz.

Figs. 9(a) and (b) illustrate the displacement trajectories of the masses and the velocity trajectory of the
primary mass, respectively. For the numerical simulations, a 13N driving force corresponding to the input
amplitude of 0.57mm was used. This input amplitude decreases in the lower TM region as seen in Fig. 7.

In Fig. 9(a), it is observed that regularly spaced dominant collisions occur when the primary mass passes the
equilibrium position corresponding to the largest velocity of the primary mass and that the directions of
movement of the masses are out-of-phase with (opposite to) each other. This out-of-phase motion affects the
primary mass transferring momentum to the auxiliary mass with maximum kinetic energy loss. Fig. 9(b) shows
an abrupt reduction in the value of the absolute velocity after each impact, which implies a loss of kinetic
energy. This mechanism contributes to low values of TM and high damping in the left hand half of the input
amplitude range shown in Fig. 6.

Different kinds of collisions are observed in Fig. 10 with an increased displacement input. In the numerical
simulation results of the excitation force 18N, seen in Figs. 10(a) and (b), it is observed that collisions occur
when the velocity of the primary mass is near to zero, which results in less efficient momentum transfer.

The numerical simulation with an excitation force of 22N, shown in Figs. 10(c) and (d), illustrates what
happens with a larger magnitude displacement input. In particular, Fig. 10(c) demonstrates that the collisions
take place with both masses travelling in the same direction. This kind of momentum transfer not only
magnifies the amplitude of the primary mass but also adds the kinetic energy of the auxiliary mass to the
primary mass without modifying the original system, resulting in a change in the resonance frequency of the
system. It can thereby be inferred that the kinetic energy influx caused by impacts has a mass loading effect on
the system. This description regarding the change of resonance frequency is different from the explanation
provided by Masri and Ibrahim [16] and Duncan et al. [24] in their numerical study. They stated that the
auxiliary mass sticks to the system so that two masses move together, when the system is operated with very
large excitation amplitudes. Vibrations at resonance, however, if they are caused by in-phase impacts, do not
require rigorous restrictions such as very large base amplitude inputs with d !1 [16], a0 ! 1 [24], or stick
motion. To this extent, the numerical simulation of the limiting case of the elastic impact (e ¼ 1) emphasises
the possibility that the mass loading effect, which causes a resonance shift can be explained without the
assumption of stick motion, as shown in Fig. 11(a). Specifically, Fig. 11(b) establishes the fact that the
auxiliary mass never sticks to the primary mass.

With respect to the numerical modelling of impacts, the analytical results of the proposed method are
compared with those of the conventional method, as shown in Fig. 12. As can be seen, the simulation results of
the proposed method are in better agreement with the experimental results than those of the conventional
method, especially at the resonance frequency of 19Hz. Moreover, the time trajectories of the analytical
results demonstrate that there is a long period of grazing incidence before the auxiliary mass separates from
the primary mass for the test condition of Numrb. Thus, the conventional method cannot represent resonance
phenomena for the given condition, possibly due to the occurrence of repeated negative collisions.



ARTICLE IN PRESS

Fig. 9. Trajectories of the masses from numerical simulations at 19Hz with 13N driving force (d: 2.6mm, Z: 0.57): (a) displacement

trajectories, dashed line-auxiliary mass, solid line-primary mass; (b) velocity trajectories of the primary mass.
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The time trajectories of the numerical simulations provided significant insight into the resonance
characteristics of the system. To validate the numerical simulation results, experimental results were
considered.

Fig. 13 presents measured acceleration signals and the magnitude scaled velocity of the primary mass.
Velocity histories were obtained by integrating the acceleration signal. Then, the magnitudes were scaled to
show the times of the impacts. Measured acceleration signals are complicated because of the high frequency
structural vibrations caused by the impacts. In Figs. 13(a)–(c), the abrupt acceleration peaks indicate impacts,
and show good agreement with the numerical simulations given in Figs. 9 and 10.

With small magnitude displacement inputs where the damping is high, impacts occur at the maximum
velocity of the primary mass, illustrated with arrows in Fig. 13(a), corresponding to the numerical simulations
with 13N in Fig. 9(a). Figs. 13(b) and (c), which correspond to the numerical simulations with input forces of
18 and 22N, respectively, demonstrate how the time of impacts changes as the input amplitudes increase. The
dashed circles in Fig. 13(c) indicate the times of impacts. It is observed that each impact takes places before the
velocity of the primary mass reaches its maximum value, meaning that the auxiliary mass collides with
the primary mass before its maximum stroke, which indicates unidirectional collisions are taking place.
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Fig. 10. Time trajectories of numerical simulations, dashed line-auxiliary mass; solid line-primary mass: (a) displacement trajectories

(F0 ¼ 18N); (b) velocity trajectory of the primary mass (F0 ¼ 8N); (c) displacement trajectories (F0 ¼ 22N); (d) velocity trajectory of the

primary mass (F0 ¼ 22N).

J. Park et al. / Journal of Sound and Vibration 323 (2009) 877–895888
The experimental acceleration signals and scaled velocities corroborate the numerical simulation results and
are in good agreement.
5. Discussion

It can be concluded from the experiments and numerical simulations that out-of-phase impacts reduce the
displacement of the primary mass with efficient momentum transfer, or kinetic energy loss. Furthermore, the
degree of damping depends on the type of the impact. In the limiting case, in-phase impacts occur, resulting in
a mass loading effect caused by the flux of kinetic energy into the primary mass.

It has generally been accepted that it is important to achieve out-of phase motion to provide high efficiency
of the impact damper [20], and that the magnitude of the displacement input and clearance are key factors,
which determine whether the motion is in phase or out-of phase. Up to the present there has been little
discussion about the resonance shift caused by impacts.
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Fig. 11. Resonance shift with elastic collision (e ¼ 1): (a) transmissibility, &—without auxiliary mass, ’—auxiliary mass installed,

X0ref ¼ 1.3mm; (b) Time trajectories, dotted line-auxiliary mass; solid line-primary mass.

Fig. 12. Comparison of numerical methods governing contact and collision: (e ¼ 0.2, Z ¼ 0.57, Expb and Numrb in Table 2),

m—experiment, ’—conventional method, &—proposed method.
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In the past, the magnitude of the momentum transfer was used to predict the efficiency of the impact
damper as a function of the input amplitude [24]. Eq. (11) represents the mass normalized relative momentum
transfer.

L ¼
ð _X
þ

p �
_X
�

p Þ

_X pabs

, (11)

where L is the mass normalized relative momentum transfer, and _Xpabs is the Fourier transformed velocity of
the primary mass.

However, the kinetic energy transfer and the direction of transfer have different characteristics from the
impact damper. The normalized kinetic energy transfer can be written as

F ¼
ðj _X
þ

p j � j
_X
�

p jÞ

_X pabs

, (12)

where F is the normalized kinetic energy transfer.
Figs. 14(a) and (b) represent the mass normalized relative momentum transfer and the normalized kinetic

energy transfer as functions of the input force, respectively. Fig. 14(a) further illustrates the decrease in
damping efficiency, which occurs with increasing input amplitudes. This result is consistent with previous
investigations [24]. However, different characteristics of the impact damper are observed in Fig. 14(b), which
suggests that the kinetic energy transfer switches the direction of transfer just after the input force becomes
larger than 18N. In Figs. 14(a) and (b), the shift in resonance vibration corresponding to a 22N input force is
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Fig. 13. Experimental acceleration and scaled velocity at 19Hz, arrows indicate the times of impact in (a), dashed circles enclose the time

of impact in (b) and (c): magnitude scaled velocity, — acceleration, (a) 0.53mm input displacement corresponding to F0 ¼ 12N,

(b) 0.75mm input displacement corresponding to F0 ¼ 18N, (c) 0.97mm input displacement corresponding to F0 ¼ 22N.
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circled. A quantitative analysis of momentum transfer presents a good description for the decrease in the
degree of damping as a function of the input force. But, it cannot represent mass loading caused by impacts.
However, the qualitative analysis of the kinetic energy as a function of input force, presented experimentally
and numerically in this paper, gives specific information about the mass loading effect and shift in resonance
vibrations.

A previous study [23] presented a frequency criterion for negative damping implicitly, as given in Eq. (13).

roð1þ ZÞ�1=2, (13)

where r is the frequency ratio of driving frequency to natural frequency, and Z is the mass ratio.
Our research is concerned with the resonance frequency of the impact damper. In order to predict the shift

in the resonance frequency, Rayleigh’s energy method, Eq. (14), for a system undergoing simple harmonic
motion is considered.

Tmax ¼
1
2
m _X

2

max ¼
1
2
kX 2

max ¼ Umax, (14)
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Fig. 14. Mass normalized relative momentum transfer and normalized kinetic energy transfer: (a) mass normalized relative momentum

transfer; (b) normalized kinetic energy transfer.
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where T and U refer to the kinetic energy and potential energy of the system, respectively, and the subscript
‘‘max’’ represents the maximum value.

Fig. 15 illustrates velocities of the primary and auxiliary mass. The absolute values of the maximum
velocities of the primary and auxiliary masses can be regarded as the same when in-phase impacts dominate
except the time duration in which the auxiliary mass is separated from the primary mass and moves alone
represented with dashed line in Fig. 15. Fig. 15(b) shows trajectories of the system at the time of separation
and impacts. After separated from the primary mass, the auxiliary mass maintains its velocity before it collides
with the primary mass. Consequently, the maximum displacement of the system is affected by the kinetic
energy influx during the impact.

For the system under consideration, Eq. (14) becomes Eq. (15) on the condition that in-phase impacts
dominate the dynamics of the system.

Tmax ¼
1
2ðmp þmaÞ_w2max ¼

1
2kw

2
max ¼ Umax, (15)

where w is displacement of the primary mass resulting from the kinetic energy influx.
The resulting resonance frequency of the system undergoing kinetic energy influx caused by the impacts can

then be written as

oin ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

mp þma

s
, (16)

where oin is the shifted resonance frequency of the impact damper.
Subsequently, the shift in resonance frequency was investigated experimentally as a function of the mass

ratio, and the displacement ratio, c, the ratio of displacement of the primary mass to the clearance. In
previous studies, the displacement ratio was an empirical criterion used in both experimental and numerical
investigations [17,19,20,23]. It was assumed that the criterion should not exceed unity in order to stabilize the
damping effect of the impact damper without mentioning the specific frequency. This criterion was employed
to avoid the ambiguous description of the condition, ‘‘large amplitude’’ to describe the decrease in damping
with large amplitude excitation.
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Fig. 16. Frequency responses of the experimental results as a function of the mass ratio: (a) Z ¼ 0.57, d ¼ 2.6mm, &—c ¼ 2.7;

m—c ¼ 1.9; n—c ¼ 0.5, (b) Z ¼ 0.4, d ¼ 4mm, &—c ¼ 1.9; n—c ¼ 1.1; n—c ¼ 0.5.

Fig. 15. Velocity of the primary mass and the auxiliary mass: solid line-primary mass; dashed line-auxiliary mass: (a) trajectories; (b) time

of separation and impacts.
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Fig. 16 illustrates the correlation of the mass ratio and resonance frequency shift with respect to the
displacement ratio. The expected values of the shifted resonances based on Eq. (16) are 19 and 20Hz for mass
ratios of 0.57 and 0.4, respectively.
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Fig. 17. Frequency responses of the numerical simulations as a function of the mass ratio and phase of the impact: (&—Z ¼ 0.4,

n—Z ¼ 0.57), in-phase impact; (’—Z ¼ 0.4, m—Z ¼ 0.57), before in-phase impact.

J. Park et al. / Journal of Sound and Vibration 323 (2009) 877–895 893
The results presented in Fig. 16 show that the resonance shifts are predictable when the mass loading effect
of the auxiliary mass is considered. Also, it is observed that the displacement ratio can be used as a general
guideline for the system performance. Moreover, acceleration signals of curves of c ¼ 2.7 in Fig. 16(a), and
c ¼ 1.9 in Fig. 16(b), are seen to be for in-phase impacts.

Fig. 17 illustrates the dependence of the resonance shift on the mass ratio in a numerical simulation.
If the vibration amplitude of the primary and auxiliary masses satisfies the in-phase impact condition, then the
resonance frequency is a function of the mass ratio. The analytical results in Fig. 17 show exactly the same
frequency shifts as the experimental results presented in Figs. 16(a) and (b).

The implication of these experimental results and numerical simulations is that a freely moving mass
undergoing periodic impacts can have a mass loading effect on a system, resulting in a shift in resonance
frequency, which is related to the phase of the impacts. In addition, the resonance frequency shift caused by an
in-phase impact has a different effect on the system and depends on the mass ratio and forcing frequency.

Some investigators have presented mass loading effects in their numerical studies of impact dampers with
the postulation that the displacement of the primary system is large enough so that d !1 and a0 ! 1.
These conditions make the auxiliary mass stick to the primary mass [16,24]. However, our experiments show
that with practical vibration levels, the auxiliary mass can have a mass loading effect causing a shift in
resonance frequency which should be avoided in order to ensure system stability.

It is noted that the transition from kinetic energy loss to kinetic energy influx caused by impacts and their
relationship to the increase in excitation amplitude is a general phenomenon, which is independent of the
forcing frequency. It is an inherent characteristic of a system undergoing impacts with a fixed clearance. The
consequences of the mass loading by impacts caused by large amplitude excitation depend on the frequency
and mass ratios. Thus, the resonance phenomenon should be considered in the design of an impact damper to
ensure the stability of the system.
6. Conclusions

Dynamic responses of impact dampers have been investigated experimentally and numerically with a
primary focus on the vibrations at resonance. An improved scheme for detecting the time of impact has been
developed in order to prevent negative collisions, which represent an intolerable scenario for large amplitude
vibrations. Detailed experiments with a horizontal impact damper explain the general performance and the
resonance vibration of the integrated system, which occurs at a frequency, which is different from the original
resonance frequency.

Furthermore, numerical simulations of mass trajectories demonstrate how the relative motion of the masses
is related to the degree of damping. It was found that an out-of-phase impact produces the most effective
damping, and that the efficiency of the momentum transfer decreases with an increase in input amplitudes.
These conditions agree with previous studies. However, it is observed from the experiments and numerical
simulations that an in-phase impact between the primary and auxiliary masses induces kinetic energy influx
into the primary system, resulting in a mass loading effect and a shift in resonance frequency.
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Thus a simple model for the prediction of mass loading effects has been formulated, which is based on
observations. Simulations show that the numerical predictions are in good agreement with experimental
observations.
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